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21. The renormalization group of the Ising model*2+2+3+2+2+2+2
Points

The differential recursion relations for temperature T , and magnetic field h, of the Ising model
in d = 1 + ϵ dimensions are (for b = eℓ){

d T
dℓ = −ϵ T + T 2/2
d h
dℓ = dh

.

(a) Sketch the renormalization group flows in the (T, h)-plane (for ϵ > 0), marking the fixed
points along the h = 0 axis.

(b) Calculate the eigenvalues yt and yh, at the critical fixed point, to order of ϵ.

(c) Starting from the relation governing the change of the correlation length ξ under renor-
malization, show that

ξ(h, t) = t−ν gξ
(
h/|t|∆

)
, t =

T

Tc
− 1 ,

find the exponents ∆ and ν

(d) Use a hyperscaling relation to find the singular part of the free energy fsing(t, h), and
hence the heat capacity exponent α.

(e) Find the exponents β and γ for the singular behaviors of the magnetization and suscepti-
bility, respectively.

(f) Starting with the relation between susceptibility and correlations of local magnetizations,
calculate the exponent η for the critical correlations

(
⟨m(0)m(x)⟩ ∼ |x|−(d−2+η)

)
.

(g) How does the correlation length diverge as T → 0 (along h = 0) for d = 1?
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